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It is shown that the steady solution of the exact non-linear equat ion of motion of an ideal, uniformly stratified gas generated by 
a vortex filament is unstable and the nature of this slowly developing instability is investigated. © 2000 Elsevier Science Ltd. All 
rights reserved. 

1. F O R M U L A T I O N  O F  T H E  P R O B L E M  

The equation 

O ( 02W . ~ aw o2w 
w + uj+-~-u o--~- = 0 (1.1) 

N 2 r v2 (x )  
g u = - - ' ~ - ~  x dx (1.2) w=-~-~W, Nt=%, 

which describes internal waves in an ideal gas filling a three-dimensional space has been derived [1] for the case 
when the motion possesses axial symmetry, the gas is exponentially stratified and the changes in the speed of sound 
in the fluid particles are small compared with the speed of sound. This enables one to take the equation for the 
conservation of mass in the same form as for an incompressible fluid, which is equivalent to neglecting acoustic 
oscillations compared with buoyancy oscillations. In (1.2), the variable w specifies the deviation along a vertical 
of the fluid particles from the equilibrium position, g is the acceleration due to gravity, N is the Brunt-V~iisfil~i 
frequency for an ideal gas, t is the time, r is the distance of a particle from the axis of symmetry and the arbitrary 
function vo(r) specifies the peripheral velocity distribution. In the case of a vortex filament, vo(r) = F/(2/~rr), where 
F is the circulation along a simple contour encompassing the vortex filament, and by virtue of (1.2), u = N2F/(81r2r2). 

Equation (1.1) has a steady solution W = - u .  It has been shown [1] that the steady solution is linearly unstable. 
Below, an attempt is made to investigate the stability of the steady solution in a non-linear formulation. 

We specify the arbitrary initial perturbations 

Ow(x,O) w(x,o) = ~ aku k, = ~ ~k uk (1.3) 
k=l 0X k=i 

By putting W = - u  + eUto in Eqs (1.1) and (1.2), we reduce the initial problem to the Cauchy problem 

c) t, t)0) - 0 2 0 )  
~--u(L0))+0)+e (-Su, t +0))( /xo-0))=0,  L.0)=--~-+0) 

(1.4) 
30)(u,0) 0)(,.o)= k, = 

k=l Ox k=l 

2. S O L U T I O N  O F  T H E  N O N - L I N E A R  P R O B L E M  

The structure of the previously obtained [1] exact solution of the linearized Cauchy problem (1.4) suggests the 
idea of finding the solution of the non-linear Cauchy problem (1.4) in the form of the series 

0)= ~. u"0),(x,z), z= 2ff~ux, too =0 (2.1) 
n=0 
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Substituting expansion (2.1) into Eqs (1.4) and equating the coefficients of like powers of u, we obtain an infinite 
recurrent system of equations 

-Z ( z 2 k + 2  ( L ( O s + I  + Pk+l ((Ok ,(OS-I ))) +2z2k+I(Os +2z2S+Iss ((Ol . . . . .  ( o k )  = 0 (2.2) 

where 

2 ~2(ok_ t 1 O20)k_ 2 1 o3(ok_ 2 Pk((ok_t,~Ok_2) = - - - - +  
Z o~c3Z Z 2 c3Z 2 Z 3 c3Z 

S n = ~ R,_k(L(Os-(OkPk) 
k=O 

1 ~ (zzs+2(ok+t(x,z))+(o * 
Q*((ok'°~S+l) = 2z 2s+l Oz 

k (_l)k-,. 
RS((Ol . . . . .  (Ok+l )  = E (O m ~ Q . , (  ,,,.(o.,+l)U ,,,=0 (k-m)[ 

By virtue of (1.4), the initial conditions are 

(os(O) = as ,  ~(os(O)/~t = f~s - a s  

The first two equations of (2.2) have the form 

~z (z2L(ot) =0 

oxoz ) z ~z(Z coj)(t_zo u - ( o l ) = 0  

Since z 2 = ux, uco t = 2c/% we obtain a bounded solution of Eq. (2.4) in the form 

n p 

(o, = ~ c o s x + ~ s i n 1 :  
Z" Z" 

where a(z), b(z) are arbitrary functions. 
In the same way as for Eq. (2.4), Eq. (2.5) reduces to the form 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

z4L(O 2 + 2z 3 ~ + 2a(z)cosx + 2b(z)sin x - / ( z 2 ( o ~ ) =  0 (2.7) 
dZdz 2 - 

In order that secular terms should not occur, the coefficients of the cosine and sine must vanish and, hence, the 
unknown functions must satisfy the system of equations 

a - _ 3 a ' _ b = O ,  b , _ 3 b ' + a = O  
Z Z 

The function F(z) = (b + ai)z -z satisfies the Bessel equation 

z 2 F" + zF" - (iz 2 + 4) = 0 

and, hence, the functions a(z), b(z) are expressed in terms of Kelvin functions [2] 

a(z )=Az2be i2z+Bz2ber2z ,  b ( z ) = A z 2 b e r 2 z - B z 2 b e i 2 z  

(ol (t ,z)= a'(z)z -3 + b'(z)z -3 

By using the expansion of the Kelvin functions in power series, we obtain from (2.6), for small values o fz  2 = 
ut, after using the initial conditions, 
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l (  z4/ // c°l = -°tt - 1 + 3 8 4 + "  +(131-ctl) 18432 ÷"" cosx+ 

• (oI , / lls'   
Using the asymptotic expressions for Kelvin functions in the case of large values of the argument, we find 

z 9 n  . z 9n 
c01 (t,z) - - ~ [  a cosxsin(-- + - - ~ +  Bsin x cos(-- + - - ~ /  

2zdnz  ~. \ 2 8 J \ 2  8 J) 

z = ~]2uNt, ut --9 +,,o 

It follows from this formula that, when ut ~ +~,  the solution tends to infinity. The oscillations therefore become 
unbounded for long times. However, the oscillations will be bounded in the case of bounded values ofz  z = ut. 

We will now find the function to2(z). From Eq. (2.7), we obtain 

a ,2+b,2 ,2 ~,2 2a'b" ~q - - O  
tO2(Z) = Z 5 +--'U'K"-sc°s2x+-2-T-ssm2x+a2(z)cosx+b2(z)sinX~z " ~z" 

The unknown functions a2(z), b2(z) are determined from the conditions for the equations of the third 
approximation to be solvable. Hence, the equilibrium state is also unstable in the non-linear formulation, but this 
instability develops slowly. 

Since the functions tOn increase exponentially when z ~ +oo, series (2.1) will probably converge when the quantity 
u, defined by equality (1.2), is sufficiently small and the magnitude of z, defined by equality (2.1), is of the order 
of unity. 

It is likely that the instability of the steady solution is due to the fact that the vortex filament is considered in 
an unbounded space. It would be interesting to investigate the stability in the case of a medium which is bounded 
by one or two rigid horizontal planes. 
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